E-polynomials of the SL(2,C)-character varieties of surface groups by Martinez-Martinez, Javier & Munoz, Vicente
E-POLYNOMIALS OF THE SL(2,C)-CHARACTER VARIETIES OF SURFACE
GROUPS
JAVIER MARTI´NEZ AND VICENTE MUN˜OZ
Abstract. We compute the E-polynomials of the moduli spaces of representations of the fundamental
group of a once-punctured surface of any genus into SL(2,C), for any possible holonomy around the
puncture. We follow the geometric technique introduced in [12], based on stratifying the space of
representations, and on the analysis of the behaviour of the E-polynomial under fibrations.
1. Introduction
Let X be a smooth complex projective curve of genus g ≥ 1, and let G be a complex reductive group.
The G-character variety of X is defined as the moduli space of semisimple representations of pi1(X) into
G, that is,
M(G) = {(A1, B1, . . . , Ag, Bg) ∈ G2g |
g∏
i=1
[Ai, Bi] = Id}//G.
For the complex linear groups G = GL(n,C),SL(n,C), the representations of pi1(X) into G can be
understood as G-local systems E → X, hence defining a flat bundle E which has degE = 0. A natural
generalization consists of allowing bundles E of non-zero degree d. The G-local systems on X correspond
to representations ρ : pi1(X − {p0}) → G, where p0 ∈ X is a point, and ρ(γ) = dn Id, γ a loop around
p0, giving rise to the moduli space of twisted representations
Md(G) = {(A1, B1, . . . , Ag, Bg) ∈ G2g |
g∏
i=1
[Ai, Bi] = e
2pi
√−1d/n Id}//G.
A related object is the moduli space of parabolic representations with one puncture, given by those
representations whose monodromy around p0 is ρ(γ) = ξ = diag(λ1, . . . , λn), where λ1 · · ·λn = 1. The
parabolic character variety is
Mξ(G) = {(A1, B1, . . . , Ag, Bg) ∈ G2g |
g∏
i=1
[Ai, Bi] = ξ}//Stab(ξ).
These spaces are naturally generalized by the character varieties with arbitrary monodromy C ∈ G,
MC(G) = {(A1, B1, . . . , Ag, Bg) ∈ G2g |
g∏
i=1
[Ai, Bi] = C}//Stab(C).
Here C can be central, diagonalizable, or of Jordan type.
The spaceMd(G) is homeomorphic to the moduli space ofG-Higgs bundlesHd(G), which parametrizes
pairs (E,Φ), consisting of a vector bundle E → X of degree d and rank n (with fixed determinant in
the case G = SL(n,C)), and a homomorphism Φ : E → E ⊗ KX , known as the Higgs field (in the
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2 J. MARTI´NEZ AND V. MUN˜OZ
case G = SL(n,C), the Higgs field has trace 0). This homeomorphism has been used to compute the
cohomology of the moduli space Md(G) when gcd(n, d) = 1. Poincare´ polynomials for G = SL(2,C)
were computed in [11], for G = SL(3,C) in [7] and for G = GL(4,C) in [5]. A recursive formula for the
motive of the moduli space of Higgs bundles of arbitrary rank and degree coprime to the rank has been
given in [6]. In particular, this gives the Betti numbers of the character variety for arbitrary coprime
rank and degree. There is a similar correspondence between the parabolic character variety and the
moduli space of parabolic Higgs bundles. The Poincare´ polynomials of the moduli of parabolic Higgs
bundles are given in [1] for G = SL(2,C) and in [4] for G = SL(3,C) and GL(3,C).
However, the homeomorphismMd(G) ∼= Hd(G) is far from being an algebraic isomorphism, and hence
the algebro-geometric information carried by these moduli spaces is different. Natural refinements of the
Poincare´ polynomials which take into account the algebraic structure are the E-polynomials (or Hodge-
Deligne polynomials), which encode the information of the dimensions of the Hodge decomposition of
the cohomology in a nice way. The fact that the E-polynomials of Md(G) and Hd(G) have different
natures has deep implications on the Mirror Symmetry phenomena exhibited in the non-abelian Hodge
theory of a curve [10].
Hausel and Rodriguez-Villegas started the computation of the E-polynomials of G-character varieties
focusing on G = GL(n,C),SL(n,C) and PGL(n,C), using arithmetic methods inspired by the Weil con-
jectures. In [9] they obtained the E-polynomials ofMd(G) for G = GL(n,C) (i.e., for C = e2pi
√−1d/n Id),
in terms of a simple generating function. Following these methods, Mereb [15] studied this case for
SL(n,C), giving an explicit formula for the E-polynomial in the case G = SL(2,C), while for SL(n,C)
these polynomials are given in terms of a generating function. Also E-polynomials of the parabolic
character varieties for G = GL(n,C) have been obtained by Hausel, Letellier and Rodriguez-Villegas,
for semisimple conjugacy classes at the punctures [8].
Logares, Newstead and the second author introduced a geometric technique in [12] to compute the
E-polynomial of character varieties by using stratifications and also handling fibrations which are locally
trivial in the analytic topology but not in the Zariski topology. The main results of [12] are explicit for-
mulas for the E-polynomials of character varieties for G = SL(2,C) and g = 1, 2. Actually, the geometric
technique allows for dealing with character varieties in which the holonomy around the puncture is not
diagonalizable (in this case there is no correspondence with a Higgs bundle moduli space as mentioned
above). In [14], the authors extend the theory to compute the E-polynomial of the character variety
for G = SL(2,C) and g = 3, and holonomy ± Id. Here we complete the general case g ≥ 3 and any
holonomy.
We say that a variety Z is of balanced type (also called of Hodge-Tate type in the literature) if its
mixed Hodge structure Hk,p,qc (Z) is non-zero only for p = q. Our first result is the following
Theorem 1. All character varietiesMC(SL(2,C)) are of balanced type.
The main result of the paper is the computation of the E-polynomials of the character varietes for
SL(2,C) and any genus.
Theorem 2. Let X be a complex curve of genus g ≥ 1. Let MC = MC(SL(2,C)) be the character
variety corresponding to C ∈ SL(2,C). The E-polynomials are as follows:
e(MId) = (q3 − q)2g−2 + (q2 − 1)2g−2 − q(q2 − q)2g−2 − 22gq2g−2
+
1
2
q2g−2(q + 22g − 1)((q + 1)2g−2 + (q − 1)2g−2) + 1
2
q((q + 1)2g−1 + (q − 1)2g−1)
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e(M− Id) = (q3 − q)2g−2 + (q2 − 1)2g−2 − 22g−1(q2 + q)2g−2 + (22g−1 − 1)(q2 − q)2g−2
e(MJ+) = (q3 − q)2g−2(q2 − 1) + (22g−1 − 1)(q − 1)(q2 − q)2g−2 − 22g−1(q + 1)(q2 + q)2g−2
+
1
2
q2g−2(q − 1) ((q − 1)2g−1 − (q + 1)2g−1)
e(MJ−) = (q3 − q)2g−2(q2 − 1) + (22g−1 − 1)(q − 1)(q2 − q)2g−2 + 22g−1(q + 1)(q2 + q)2g−2
e(Mξλ) = (q3 − q)2g−2(q2 + q) + (q2 − 1)2g−2(q + 1) + (22g − 2)(q2 − q)2g−2q,
for J+ =
(
1 1
0 1
)
, J− =
(−1 1
0 −1
)
and ξλ =
(
λ 0
0 λ−1
)
, λ 6= 0,±1, and with q = uv.
This generalizes the formulas of [12] for g = 1, 2 (the formula for e(MId) for g = 2 in Theorem 1.2 of
[12] has a misprint; the polynomial should be e(MId) = q6 + 17q4 + q2 + 1, which is correctly written
in Section 8 of [12]). It also generalizes the formulas in [14] for e(MId) and e(M− Id) for g = 3. The
formula for e(M− Id) and any g coincides with that of [15]. The other E-polynomials are new, including
the case of parabolic SL(2,C)-character varieties Mξλ .
We use the information for the cases g = 1, 2 from [12] as building blocks. The E-polynomial for the
character variety for a curve Xg of genus g ≥ 3 will be computed inductively. The basic idea, as will be
clear throughout the paper, is to decompose Xg = Xg−1#X1 as a connected sum. From the information
for Xg one gets information for Xg−1 with a hole, and this is used in turn to compute the E-polynomial
corresponding to Xg+1 = Xg−1#X2. The E-polynomials of X1, X2 with a puncture from [12] come into
play here.
This induction has as starting point the curve X3 of genus g = 3 (with no puncture), which is
computed in [14]. This special case has its special features, and has to be treated separately. In
particular, in that case the techniques to compute E-polynomials of analytically locally trivial fibrations
use a base of dimension 2. In all other cases (g = 1, 2 in [12], and the induction for g ≥ 4 treated here)
a base of dimension 1 suffices.
Theorem 2 allows us to prove the following relation of the E-polynomials of various character varieties,
conjectured by T. Hausel.
Corollary 3. For any genus g ≥ 1, we have
e(MJ−) + (q + 1)e(M− Id) = e(Mξλ).
As a byproduct of our analysis, we also obtain the behaviour of the E-polynomial of the parabolic
character variety (G = SL(2,C))
Mξλ =Mξλ(G) = {(A1, B1, . . . , Ag, Bg) ∈ G2g |
g∏
i=1
[Ai, Bi] =
(
λ 0
0 λ−1
)
}//G,
when λ varies in C− {0,±1}. This is of relevance for Mirror Symmetry phenomena. It is given by the
following formula.
Theorem 4. Let X be a curve of genus g ≥ 1. Then
R(Mξλ) =
(
(q3 − q)2g−2(q2 + q) + (q + 1)(q2 − 1)2g−2 − q(q2 − q)2g−2)T + ((22g − 1)q(q2 − q)2g−2)N,
which means that the E-polynomial of the invariant part of the cohomology is the polynomial accompa-
nying T , and the E-polynomial of the non-invariant part is the polynomial accompanying N .
We end up giving some consequences of Theorem 2 in Section 10. Notably,
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Corollary 5. The E-polynomials of e(M− Id), e(Mξλ) are palindromic.
The present arguments can be used to compute the E-polynomials of the PGL(2,C)-character varieties
of surface groups for arbitrary genus, which will appear in [13].
Acknowledgements. We would like to thank Peter Newstead, Tama´s Hausel, Martin Mereb, Nigel
Hitchin, Marina Logares and Oscar Garc´ıa-Prada for useful conversations. This work has been partially
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2. E-polynomials
We start by giving the definition of E-polynomials. A pure Hodge structure of weight k consists of a
finite dimensional complex vector space H with a real structure, and a decomposition H =
⊕
k=p+qH
p,q
such that Hq,p = Hp,q, the bar meaning complex conjugation on H. A Hodge structure of weight k gives
rise to the so-called Hodge filtration, which is a descending filtration F p =
⊕
s≥pH
s,k−s. We define
GrpF (H) := F
p/F p+1 = Hp,k−p. A mixed Hodge structure consists of a finite dimensional complex
vector space H with a real structure, an ascending (weight) filtration . . . ⊂ Wk−1 ⊂ Wk ⊂ . . . ⊂ H
(defined over R) and a descending (Hodge) filtration F such that F induces a pure Hodge structure of
weight k on each GrWk (H) = Wk/Wk−1. We define
Hp,q := GrpF Gr
W
p+q(H)
and write hp,q for the Hodge number hp,q := dimHp,q.
Let Z be any quasi-projective algebraic variety (maybe non-smooth or non-compact). The coho-
mology groups Hk(Z) and the cohomology groups with compact support Hkc (Z) are endowed with
mixed Hodge structures [2, 3]. We define the Hodge numbers of Z by hk,p,qc (Z) = h
p,q(Hkc (Z)). The
Hodge-Deligne polynomial, or E-polynomial, is defined as
e(Z) = e(Z)(u, v) :=
∑
p,q,k
(−1)khk,p,qc (Z)upvq.
When hk,p,qc = 0 for p 6= q, the polynomial e(Z) depends only on the product uv. This will happen in all
the cases that we shall investigate here. In this situation, we use the variable q = uv. If this happens,
we say that the variety is of balanced type. For instance, e(Cn) = qn.
The key property of Hodge-Deligne polynomials that permits their calculation is that they are additive
for stratifications of Z. If Z is a complex algebraic variety and Z =
⊔n
i=1 Zi, where all Zi are locally
closed in Z, then e(Z) =
∑n
i=1 e(Zi).
There is another useful property that we shall use often: if there is an action of Z2 on X, then we
have polynomials e(X)+, e(X)−, which are the E-polynomials of the invariant and anti-invariant parts
of the cohomology of X, respectively. More concretely, e(X)+ = e(X/Z2) and e(X)− = e(X)− e(X)+.
Then if Z2 acts on X and on Y , we have the equality (see [12, Proposition 2.6])
(1) e((X × Y )/Z2) = e(X)+e(Y )+ + e(X)−e(Y )− .
Suppose that
(2) F −→ Z pi−→ B
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is a fibration locally trivial in the analytic topology, and with F of balanced type. The fibration defines a
local system Hkc , whose fibers are the cohomology groups Hkc (Fb), where b ∈ B, Fb = pi−1(b). Associated
to the fibration, there is a monodromy representation
(3) ρ : pi1(B) −→ GL(Hk,p,pc (F )).
Suppose that the monodromy group Γ = im (ρ) is an abelian and finite group. Then Hk,p,pc (F ) are
modules over the representation ring R(Γ). So there is a well defined element, the Hodge monodromy
representation,
(4) R(Z) :=
∑
(−1)kHk,p,pc (F ) qp ∈ R(Γ)[q] .
As the monodromy representation (3) has finite image, there is a finite covering Bρ → B such that the
pull-back fibration has trivial monodromy. We have the following result.
Theorem 6 ([14, Theorem 2]). Suppose that Bρ is of balanced type. Then Z is of balanced type. There
is a Z[q]-linear map
e : R(Γ)[q]→ Z[q]
satisfying the property that e(R(Z)) = e(Z)
This can be rephrased as follows. Let S1, . . . , SN be the irreducible representations of Γ (there are
N = #Γ of them, and all of them are one-dimensional). These are generators of R(Γ) as a free abelian
group. Write si(q) = e(Si), 1 ≤ i ≤ N . Then if we write the Hodge monodromy representation of (4) as
R(Z) = a1(q)S1 + . . . aN (q)SN ,
then we have
e(Z) = a1(q)s1(q) + . . .+ aN (q)sN (q).
We shall only use Theorem 6 in two situations. First, when pi : Z → B is a fibre bundle with fibre
F such that the action of pi1(B) on H
∗
c (F ) is trivial. Then R(Z) = e(F )T , where T is the trivial local
system and e(Z) = e(F )e(B) (this result appears in [12, Proposition 2.4]). In particular, this happens
when Z is a G-space with isotropy H < G such that G/H → Z → B is a fiber bundle, and G, H are
connected algebraic groups. Then e(Z) = e(B)e(G)/e(H)
Second, when B is one-dimensional. So we have a fibration
F −→ Z −→ B = C− {q1, . . . , q`},
with monodromy ρ and Hodge monodromy representation e(R(Z)) ∈ R(Γ)[q]. Assuming that Bρ is a
rational curve, we write R(Z) = a1(q)T +a2(q)S2 + . . .+aN (q)SN , where T is the trivial representation
and S2, . . . , SN are the non-trivial representations. Then e(T ) = q− ` and e(Si) = −(`− 1), 2 ≤ i ≤ N .
Hence
(5) e(Z) = (q − `)a1(q)− (`− 1)
N∑
i=2
ai(q) = (q − 1) e(F )inv − (`− 1)e(F ),
where e(F )inv = a1(q) is the E-polynomial of the invariant part of the cohomology of F and e(F ) =∑N
i=1 ai(q). See [14, Corollary 3].
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3. Stratifying the space of representations
Let g ≥ 1 be any natural number. We define the following sets:
• Xg0 = {(A1, B1, . . . , Ag, Bg) ∈ SL(2,C)2g |
∏g
i=1[Ai, Bi] = Id}.
• Xg1 = {(A1, B1, . . . , Ag, Bg) ∈ SL(2,C)2g |
∏g
i=1[Ai, Bi] = − Id}.
• Xg2 = {(A1, B1, . . . , Ag, Bg) ∈ SL(2,C)2g |
∏g
i=1[Ai, Bi] = J+ =
(
1 1
0 1
)
}.
• Xg3 = {(A1, B1, . . . , Ag, Bg) ∈ SL(2,C)2g |
∏g
i=1[Ai, Bi] = J− =
(−1 1
0 −1
)
}.
• Xg4,λ = {(A1, B1, . . . , Ag, Bg) ∈ SL(2,C)2g |
∏g
i=1[Ai, Bi] = ξλ =
(
λ 0
0 λ−1
)
}, where λ ∈
C− {0,±1}.
• Xg4 = {(A1, B1, . . . , Ag, Bg, λ) ∈ SL(2,C)2g × (C− {0,±1}) |
∏g
i=1[Ai, Bi] =
(
λ 0
0 λ−1
)
}.
There is a natural fibration
Xg4 −→ C− {0,±1}
whose fiber areXg4,λ. There is an action of Z2 onX4 given by (A1, . . . , Bg, λ) 7→ (P−10 A1P0, . . . , P−10 BgP0, λ−1),
with P0 =
(
0 1
1 0
)
. There is an induced fibration
Xg4/Z2 −→ (C− {0,±1})/Z2 ∼= C− {±2},
where the basis is parametrized by t = λ+ λ−1.
For g = 1, we shall denote X0 = X
1
0, X1 = X
1
1, etc., following the notations of [12] and [14]. For
g = 2, we shall denote Y 0 = X
2
0, Y 1 = X
2
1, etc., following the notations of [14, Section 4]. We collect
the information for g = 1, 2 from [12] and [14].
• e(X0) = q4 + 4q3 − q2 − 4q
• e(X1) = q3 − q
• e(X2) = q3 − 2q2 − 3q
• e(X3) = q3 + 3q2
• R(X4/Z2) = q3T − 3qS2 + 3q2S−2 − S0
• e(Y 0) = q9 + q8 + 12q7 + 2q6 − 3q4 − 12q3 − q.
• e(Y 1) = q9 − 3q7 − 30q6 + 30q4 + 3q3 − q.
• e(Y 2) = q9 − 3q7 − 4q6 − 39q5 − 4q4 − 15q3.
• e(Y 3) = q9 − 3q7 + 15q6 + 6q5 + 45q4.
• R(Y 4/Z2) = (q9 − 3q7 + 6q5)T − (45q5 + 15q3)S2 + (15q6 + 45q4)S−2 + (−6q4 + 3q2 − 1)S0.
Here the monodromy group is Γ = Z2 × Z2, generated by the loops γ±2 around the punctures ±2 of
C − {±2}. The ring R(Γ) is generated by the trivial representation T , the representations S±2 which
are non-trivial around ±2 and trivial around ∓2, and the representation S0 = S2 ⊗ S−2.
Now we shall set up an induction. Assume that for all k < g, the Hodge monodromy representation
of Xk4/Z2 is in R(Γ)[q]. We write
R(Xk4/Z2) = akT + bkS2 + ckS−2 + dkS0,
for some polynomials ak, bk, ck, dk ∈ Z[q].
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Take k, h < g. Fix some C = Id,− Id, J+, J− or ξλ. Then
(6)
k+h∏
i=1
[Ai, Bi] = C ⇐⇒
k∏
i=1
[Ai, Bi] = C
h∏
i=1
[Bk+i, Ak+i].
4. Computation of e(Xk+h0 )
Using (6), we stratify Xk+h0 =
⊔
Wi, where
• W0 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] = Id} ∼= Xk0 ×Xh0 .
• W1 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] = − Id} ∼= Xk1 ×Xh1 .
• W2 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] ∼ J+} ∼= PGL(2,C)/U ×
Xk2 ×Xh2 , where U = {
(
1 x
0 1
)
} ∼= C.
• W3 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] ∼ J−} ∼= PGL(2,C)/U ×
Xk3 ×Xh3 .
• W4 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] ∼
(
λ 0
0 λ−1
)
, λ 6= 0,±1}.
To compute e(W4), we define
W 4 = {(A1, B1, . . . , Ak+h, Bk+h, λ) |
k∏
i=1
[Ai, Bi] =
h∏
i=1
[Bk+i, Ak+i] =
(
λ 0
0 λ−1
)
, λ 6= 0,±1},
which produces the fibration
W 4/Z2 → C− {±2},
whose Hodge monodromy representation is
R(W 4/Z2) =R(Xk4/Z2)⊗R(Xh4/Z2)
= (akah + bkbh + ckch + dkdh)T + (akbh + bkah + ckdh + dkch)S2(7)
+ (akch + bkdh + ckah + dkbh)S−2 + (akdh + bkch + ckbh + dkah)S0.
From R(W 4/Z2) there is a standard procedure to obtain e(W4). For brevity, write R(W 4/Z2) =
AT +BS2 + CS−2 +DS0, where
A = akah + bkbh + ckch + dkdh
B = akbh + bkah + ckdh + dkch(8)
C = akch + bkdh + ckah + dkbh
D = akdh + bkch + ckbh + dkah
First, using (5), we have that e(W 4/Z2) = (q − 2)A− (B +C +D). On the other hand, the 2 : 1-cover
C−{0,±1} → C−{±2} allows us to deduce that R(W 4) = (A+D)T +(B+C)N , where T is the trivial
representation, and N is the representation which is non-trivial and of order two around the origin. So
using (5) again, we have that e(W 4) = (q − 3)(A+D)− 2(B + C).
Now note that
W4 ∼= (PGL(2,C)/D ×W 4)/Z2,
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where D ∼= C∗ are the diagonal matrices. By [12, Proposition 3.2], we have that e(PGL(2,C)/D)+ = q2
and e(PGL(2,C)/D)− = q. Using (1),
e(W4) = q
2e(W 4)
+ + q e(W 4)
−
= q2e(W 4/Z2) + q(e(W 4)− e(W 4/Z2))
= (q2 − q)e(W 4/Z2) + q e(W 4)(9)
= (q2 − q)((q − 2)A− (B + C +D)) + q((q − 3)(A+D)− 2(B + C))
= (q3 − 2q2 − q)A− (q2 + q)(B + C)− 2qD.
All together, recalling also that e(PGL(2,C)) = q3 − q and so e(PGL(2,C)/U) = q2 − 1, we have
e(Xk+h0 ) = e(X
k
0)e(X
h
0 ) + e(X
k
1)e(X
h
1 ) + (q
2 − 1)e(Xk2)e(Xh2 ) + (q2 − 1)e(Xk3)e(Xh3 ) + e(W4).(10)
Setting k = g−1, h = 1, and substituting the values A,B,C,D from (8) into (9), and then the values
of e(X1j ) and a1, b1, c1, d1 from Section 3, we have
eg0 = e(X
g
0) = (q
4 + 4q3 − q2 − 4q)eg−10 + (q3 − q)eg−11(α)
+ (q5 − 2q4 − 4q3 + 2q2 + 3q)eg−12 + (q5 + 3q4 − q3 − 3q2)eg−13
+ (q6 − 2q5 − 4q4 + 3q2 + 2q)ag−1 + (−q5 − 4q4 + 4q2 + q)bg−1
+ (2q5 − 7q4 − 3q3 + 7q2 − q)cg−1 + (−5q4 − q3 + 5q2 − q)dg−1
5. Computation of e(Xk+h1 )
We do something similar to the previous case. We stratify Xk+h1 =
⊔
W ′i , where
• W ′0 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] = Id} ∼= Xk0 ×Xh1 .
• W ′1 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] = − Id} ∼= Xk1 ×Xh0 .
• W ′2 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] ∼ J+} ∼= PGL(2,C)/U ×
Xk2 ×Xh3 , where U = {
(
1 x
0 1
)
} ∼= C.
• W ′3 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] ∼ J−} ∼= PGL(2,C)/U ×
Xk3 ×Xh2 .
• W ′4 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] ∼
(
λ 0
0 λ−1
)
, λ 6=
0,±1}.
To compute e(W ′4), we defineW
′
4 = {(A1, B1, . . . , Ak+h, Bk+h, λ) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] =(
λ 0
0 λ−1
)
, λ 6= 0,±1}, which produces the fibration
W ′4/Z2 → C− {±2},
whose Hodge monodromy representation is given as (where τ(λ) = −λ),
R(W ′4/Z2) =R(Xk4/Z2)⊗ τ∗R(Xh4/Z2)
= (akT + bkS2 + ckS−2 + dkS0)⊗ (ahT + chS2 + bhS−2 + dhS0)
= (akah + bkch + ckbh + dkdh)T + (akch + bkah + ckdh + dkbh)S2(11)
+ (akbh + bkdh + ckah + dkch)S−2 + (akdh + bkbh + ckch + dkah)S0
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We write R(W ′4/Z2) = A′T +B′S2 + C ′S−2 +D′S0, with
A′ = akah + bkch + ckbh + dkdh
B′ = akch + bkah + ckdh + dkbh(12)
C ′ = akbh + bkdh + ckah + dkch
D′ = akdh + bkbh + ckch + dkah
We use (9) to get
e(W ′4) = (q
3 − 2q2 − q)A′ − (q2 + q)(B′ + C ′)− 2qD′.
Finally
e(Xk+h1 ) = e(X
k
0)e(X
h
1 ) + e(X
k
1)e(X
h
0 ) + (q
2 − 1)e(Xk2)e(Xh3 ) + (q2 − 1)e(Xk3)e(Xh2 ) + e(W ′4).(13)
Setting k = g− 1, h = 1, and substituting the values A′, B′, C ′, D′ from (12) and the values of e(X1j )
and a1, b1, c1, d1 from Section 3, we have
eg1 = e(X
g
1) = (q
3 − q)eg−10 + (q4 + 4q3 − q2 − 4q)eg−11(β)
+ (q5 + 3q4 − q3 − 3q2)eg−12 + (q5 − 2q4 − 4q3 + 2q2 + 3q)eg−13
+ (q6 − 2q5 − 4q4 + 3q2 + 2q)ag−1 + (2q5 − 7q4 − 3q3 + 7q2 + q)bg−1
+ (−q5 − 4q4 + 4q2 + q)cg−1 + (−5q4 − q3 + 5q2 + q)dg−1
6. Computation of e(Xk+h2 )
Now we consider
Z = {(A1, B1, . . . , Ak+h, Bk+h) |
k∏
i=1
[Ai, Bi] = J+
h∏
i=1
[Bk+i, Ak+i]}.
We write
ν =
h∏
i=1
[Bk+i, Ak+i] =
(
a b
c d
)
, δ =
k∏
i=1
[Ai, Bi] = J+ν =
(
a+ c b+ d
c d
)
.
Let t1 = tr ν, t2 = tr δ. Note that c = t2 − t1.
We use the stratification defined as in [12, Section 11], according to the values of the pair (t1, t2).
• Z1 given by (t1, t2) = (2, 2). In this case c = 0, a = d = 1, b ∈ C. If b 6= 0,−1, both are of
Jordan type, whereas if b = 0, 1 one of them is of Jordan type and the other is equal to Id. We
get
e(Z1) = (q − 2)e(Xk2)e(Xh2 ) + e(Xk2)e(Xh0 ) + e(Xk0)e(Xh2 ).
• Z2 given by (t1, t2) = (−2,−2). Analogously
e(Z2) = (q − 2)e(Xk3)e(Xh3 ) + e(Xk3)e(Xh1 ) + e(Xk1)e(Xh3 ).
• Z3 given by (t1, t2) = (2,−2), (−2, 2). Now c 6= 0. The action of U ∼= C allows to fix d = 0.
Both ν, δ are of Jordan type. So we obtain
e(Z3) = q(e(X
k
2)e(X
h
3 ) + e(X
k
3)e(X
h
2 )).
• Z4 given by the subcases:
10 J. MARTI´NEZ AND V. MUN˜OZ
– Z4,1 given by (2, t2), t2 6= ±2 and (−2, t2), t2 6= ±2. We focus on the first case. It must be
c 6= 0. The group U ∼= C acts freely on the matrix ν, which is of Jordan type. Note also
that δ is diagonalizable. The second case is similar with ν ∼ J−. We thus get
e(Z4,1) = q(e(X
h
2 ) + e(X
h
3 ))e(X
k
4/Z2).
– Z4,2 given by (t1, 2), t1 6= ±2 and (t1,−2), t1 6= ±2. It is completely similar, interchanging
the roles of ν and δ.
e(Z4,2) = q(e(X
k
2) + e(X
k
3))e(X
h
4/Z2).
• Z5 corresponding to t1 = t2 6= ±2. Now
η =
(
a b
0 a−1
)
, δ =
(
a b+ a−1
0 a−1
)
,
Therefore e(Z5) = q e(Z5), where Z5 is a fibration over a ∈ C − {0,±1} whose fibers are
Xk4,a ×Xh4,a. Thus the Hodge monodromy representation is given in (7),
R(Z5/Z2) = AT +BS2 + CS−2 +DS0,
R(Z5) = (A+D)T + (B + C)N,
e(Z5) = q e(Z5) = q((q − 3)(A+D)− 2(B + C)).
• Z6 corresponding to the open stratum t1, t2 6= ±2, t1 6= t2. As c 6= 0, we can arrange d = 0 by
using the action of U ∼= C. Both δ and ν are diagonalizable matrices. If we ignore for a while
the condition t1 6= t2, the total space is isomorphic to C×Xk4/Z2 ×Xh4/Z2. The fibration over
the diagonal (t1, t1) has total space isomorphic C× (Z5/Z2). Thus
e(Z5/Z2) = (q − 2)A− (B + C +D),
e(Z6) = q(e(X
k
4/Z2)e(Xh4/Z2)− e(Z5/Z2)).
Adding all up,
e(Xk+h2 ) = e(X
k
2)e(X
h
0 ) + e(X
k
0)e(X
h
2 )− 2e(Xk2)e(Xh2 ) + e(Xk3)e(Xh1 ) + e(Xk1)e(Xh3 )− 2e(Xk3)e(Xh3 )
+ q (e(Xk2) + e(X
k
3) + e(X
k
4/Z2))(e(Xh2 ) + e(Xh3 ) + e(Xh4/Z2)) + q (e(Z5)− e(Z5/Z2)).
Setting k = g − 1, h = 1, and substituting the values A,B,C,D from (8) and the values of e(X1j )
and a1, b1, c1, d1 from Section 3, we have
eg2 = e(X
g
2) = (q
3 − 2q2 − 3q)eg−10 + (q3 + 3q2)eg−11(γ)
+ (q5 + q4 + 3q2 + 3q)eg−12 + (q
5 − 3q3 − 6q2)eg−13
+ (q6 − 2q5 − 3q4 + q3 + 3q2)ag−1 + (−q5 + 2q4 − 4q3 + 3q2)bg−1
+ (−q5 − q4 − 4q3 + 6q2)cg−1 + (−2q4 − q3 + 3q2)dg−1
7. Computation of e(Xk+h3 )
This is similar to the previous case. Consider
Z ′ = {(A1, B1, . . . , Ak+h, Bk+h) |
k∏
i=1
[Ai, Bi] = J−
h∏
i=1
[Bk+i, Ak+i]}.
E-POLYNOMIALS OF SL(2,C)-CHARACTER VARIETIES 11
We write
ν =
h∏
i=1
[Bk+i, Ak+i] =
(
a b
c d
)
, δ =
k∏
i=1
[Ai, Bi] = J−ν =
(−a+ c −b+ d
−c −d
)
.
Let t1 = tr ν, t2 = tr δ. In this case, c = t2 + t1. Stratifying as in Section 6, we get
• Z ′1 given by (t1, t2) = (2,−2). We obtain
e(Z ′1) = (q − 2)e(Xh2 )e(Xk3) + e(Xh2 )e(Xk1) + e(Xh0 )e(Xk3).
• Z ′2 given by (t1, t2) = (−2, 2). Analogously
e(Z ′2) = (q − 2)e(Xh3 )e(Xk2) + e(Xh3 )e(Xk0) + e(Xh1 )e(Xk2).
• Z ′3 given by the two values (t1, t2) = (2, 2), (−2,−2). We get
e(Z ′3) = q(e(X
k
2)e(X
h
2 ) + e(X
k
3)e(X
h
3 )).
• Z ′4, divided into two possible cases:
– Z ′4,1 given by the lines t1 = 2, t2 6= ±2 and t1 = −2, t2 6= ±2. We get
e(Z ′4,1) = q(e(X
h
2 ) + e(X
h
3 ))e(X
k
4/Z2).
– Z ′4,2 given by the lines t2 = 2, t1 6= ±2 and t2 = −2, t1 6= ±2. We obtain
e(Z ′4,2) = q(e(X
k
2) + e(X
k
3))e(X
h
4/Z2).
• Z ′5 corresponding to t1 = −t2 6= ±2. So c = 0 and
η =
(
a b
0 a−1
)
, δ =
( −a −b+ a−1
0 −a−1
)
.
Therefore e(Z ′5) = q e(Z
′
5), where Z
′
5 is a fibration over a ∈ C − {0,±1} whose fibers are
Xk4,a ×Xh4,−a. Thus the Hodge monodromy representation is given in (11),
R(Z ′5/Z2) = A′T +B′S2 + C ′S−2 +D′S0,
R(Z ′5) = (A
′ +D′)T + (B′ + C ′)N,
e(Z ′5) = q e(Z
′
5) = q((q − 3)(A′ +D′)− 2(B′ + C ′)).
• Z ′6 corresponding to the open stratum t1, t2 6= ±2, t1 6= −t2. The action of U ∼= C can be
used to set d = 0. The total space, ignoring the condition t1 6= −t2, gives a contribution of
e(Xk4)e(X
h
4 ). The fibration over the diagonal (t1,−t1) has total space isomorphic C× (Z ′5/Z2).
Thus
e(Z ′5/Z2) = (q − 2)A′ − (B′ + C ′ +D′),
e(Z ′6) = q(e(X
k
4/Z2)e(Xh4/Z2)− e(Z
′
5/Z2)).
Adding all up,
e(Xk+h2 ) = e(X
k
2)e(X
h
1 ) + e(X
k
0)e(X
h
3 )− 2e(Xk2)e(Xh2 ) + e(Xk3)e(Xh0 ) + e(Xk1)e(Xh2 )− 2e(Xk2)e(Xh3 )
+ q (e(Xk2) + e(X
k
3) + e(X
k
4/Z2))(e(Xh2 ) + e(Xh3 ) + e(Xh4/Z2)) + q (e(Z ′5)− e(Z ′5/Z2)).
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Setting k = g− 1, h = 1, and substituting the values A′, B′, C ′, D′ from (12) and the values of e(X1j )
and a1, b1, c1, d1 from Section 3, we have:
eg3 = e(X
g
3) = (q
3 + 3q2)eg−10 + (q
3 − 2q2 − 3q)eg−11(η)
+ (q5 − 3q3 − 6q2)eg−12 + (q5 + q4 + 3q2 + 3q)eg−13
+ (q6 − 2q5 − 3q4 + q3 + 3q2)ag−1 + (−q5 − q4 − 4q3 + 6q2)bg−1
+ (−q5 + 2q4 − 4q3 + 3q2)cg−1 + (−2q4 − q3 + 3q2)dg−1
8. Computation of R(Xk+h4 )
Now we move to the stratum Xg4. This one is controlled by a Hodge monodromy representation
R(Xg4/Z2). We start by computing R(X
g
4). As before, we write
Xk+h4 = {(A1, B1, . . . , Ak+h, Bk+h, λ) |
k∏
i=1
[Ai, Bi] = ξλ
h∏
i=1
[Bk+i, Ak+i], λ 6= 0,±1},
where ξλ =
(
λ 0
0 λ−1
)
. We are going to study the fibration Xk+h4 → C−{0,±1}, with fiber Xk+h4,λ . Let
ν =
h∏
i=1
[Bk+i, Ak+i] =
(
a b
c d
)
, δ =
k∏
i=1
[Ai, Bi] = ξλν =
(
λa λb
λ−1c λ−1d
)
.
Note that t1 = tr ν, t2 = tr δ and λ determine a, d, and bc = ad− 1.
We follow the stratification in terms of the traces (t1, t2) given in [12, Section 10] for the genus 2
case. We decompose X4,λ =
⊔7
j=1 Zj,λ, where
• Z1,λ corresponding to t1 = ±2, t2 = ±2. In this case both ν, δ are of Jordan type. Focus on the
case (t1, t2) = (2, 2), the other cases being similar. Taking an adequate basis,
ν =
(
1 x
0 1
)
, δ =
(
1 0
y 1
)
,
for certain x, y ∈ C∗. We can fix x = 1 by rescaling the basis vectors. Since δν−1 =
(
λ 0
0 λ−1
)
,
we obtain that λ + λ−1 = 2 − xy , so y is also fixed. When varying λ, we see that there is no
monodromy around the punctures. Therefore, taking also care of all four possibilities for (t1, t2),
we have
R(Z1) = e(Z1,λ)T
= (q − 1)(e(Xk2)e(Xh2 ) + e(Xk2)e(Xh3 ) + e(Xk3)e(Xh2 ) + e(Xk3)e(Xh3 ))T
= (q − 1)(e(Xk2) + e(Xk3))(e(Xh2 ) + e(Xh3 ))T,
where T is the trivial representation.
• Z2,λ corresponding to (t1, t2) = (2, λ + λ−1) and (t1, t2) = (−2,−λ − λ−1). We focus on the
first case. In this situation bc = 0, so there are three possibilities: either b = c = 0 (in which
case ν = Id) or b = 0, c 6= 0 or b 6= 0, c = 0 (in either case there is a parameter in C∗ and
ν ∼ J+). In all cases, there is no monodromy for ν as λ moves in C − {0,±1}. On the other
hand, δ ∼
(
λ 0
0 λ−1
)
gives a contribution R(Xh4 ). The second case is analogous, changing Id
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by − Id and J+ by J−. Therefore
R(Z2) = (e(X
k
0) + 2(q − 1)e(Xk2) + e(Xk1) + 2(q − 1)e(Xk3))R(Xh4 ).
• Z3,λ corresponding to (t1, t2) = (λ + λ−1, 2) and (t1, t2) = (−λ − λ−1,−2). This is completely
analogous to the previous case, so
R(Z3) = (e(X
h
0 ) + 2(q − 1)e(Xh2 ) + e(Xh1 ) + 2(q − 1)e(Xh3 ))R(Xk4).
• Z4,λ defined by t1 = 2, t2 6= ±2, λ + λ−1 and t1 = −2, t2 6= ±2,−λ − λ−1. For each λ, (t1, t2)
move in (two) punctured lines {(t1, t2) | t1 = ±2, t2 6= ±2,±(λ + λ−1)}, where ν is of Jordan
type and δ is of diagonal type. Both families can be trivialized, giving a contribution of e(Xk2)
times e(Xh4/Z2) for one line, and e(Xk3) times e(Xh4/Z2) for the other line. The missing fiber
Xh4,λ over λ + λ
−1, which needs to be removed, has monodromy given by R(Xh4 ) as λ varies.
Finally, there is a (q − 1) factor due to the fact that bc 6= 0. Therefore
R(Z4) =(q − 1)(e(Xk2) + e(Xk3))(e(Xh4/Z2)T −R(Xh4 )).
• Z5,λ defined by t2 = 2, t1 6= ±2, λ+ λ−1 and t2 = −2, t1 6= ±2,−λ− λ−1. Similarly to Z4,λ, we
obtain
R(Z5) = (q − 1)(e(Xh2 ) + e(Xh3 ))(e(Xk4/Z2)T −R(Xk4)).
• Z6,λ. This stratum corresponds to the set {(t1, t2) | t1, t2 6= ±2, ad = 1}, which is a hyperbola
Hλ for every λ (see [12, Figure 1, Section 10]). There is a contribution of 2q− 1 which accounts
for bc = 0. Parametrizing Hλ by µ ∈ C∗ − {±1,±λ−1} as in [12, Section 10], we obtain a
fibration over C∗ − {±1,±λ−1} whose fiber over µ is Xk4,µ ×Xh4,λµ, for each λ. When λ varies
over C−{0,±1}, we can extend the local system trivially to the cases λ, µ = ±1. This extension
can be regarded as a local system over the set of (λ, µ) ∈ C∗ × C∗,
Z6 = X
k
4 ×m∗Xh4 −→ C∗ × C∗ ,
wherem : C∗×C∗ → C∗ maps (λ, µ) 7→ λµ. The Hodge monodromy representation of Z6 belongs
to R(Z2 × Z2)[q] (with generators N1, N2 denoting the representation which is not trivial over
the generator of the fundamental group of the first and second copies of C∗, respectively, and
N12 = N1 ⊗N2). So we get
RC∗×C∗(Z6) = ((ak + dk)T + (bk + ck)N2)⊗ ((ah + dh)T + (bh + ch)N12)
= (ah + dh)(ak + dk)T + (bh + ch)(bk + ck)N1 + (ah + dh)(bk + ck)N2 + (bh + ch)(ak + dk)N12.
To obtain the Hodge monodromy representation over λ ∈ C∗, we use the projection pi1 : C∗ ×
C∗ → C∗, (λ, µ) 7→ λ, which maps T 7→ e(T )T = (q − 1)T , N2 7→ e(N2)T = 0, N1 7→ e(T )N =
(q − 1)N , N12 7→ e(N2)N = 0 for the representations. Therefore RC∗(Z6) = (q − 1)((ah +
dh)(ak + dk)T + (bh + ch)(bk + ck)N). Now we have to substract the contribution from the sets
µ = ±1,±λ−1. The first two yield −2e(Xk4)R(Xh4 ) and the second two yield −2e(Xh4 )R(Xk4).
Therefore
R(Z6) =(q − 1)((ah + dh)(ak + dk)T + (bh + ch)(bk + ck)N)− 2e(Xk4,λ)R(Xh4 )− 2e(Xh4,λ)R(Xk4),
R(Z6) =(2q − 1)R(Z6).
• Z7,λ corresponding to the open stratum given by the set of (t1, t2) such that ti 6= ±2, i = 1, 2
and (t1, t2) 6∈ Hλ. If we forget about the condition (t1, t2) ∈ Hλ, Z7,λ is a fibration over (t1, t2)
with fiber isomorphic to Xh4,µ1 × Xk4,µ2 , ti = µi + µ−1i , i = 1, 2. Its monodromy is trivial, as
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the local system is trivial when λ varies. The contribution over Hλ, already computed in the
previous stratum, is R(Z6). So we get
R(Z7) =(q − 1)(e(Xk4/Z2)e(Xh4/Z2)T −R(Z6)).
Adding all the pieces, we get
R(Xk+h4 ) =(q − 1)(e(Xk2) + e(Xk3) + e(Xk4/Z2))(e(Xh2 ) + e(Xh3 ) + e(Xh4/Z2))T
+ (e(Xk0) + e(X
k
1) + (q − 1)e(Xk2) + (q − 1)e(Xk3))R(Xh4 )
+ (e(Xh0 ) + e(X
h
1 ) + (q − 1)e(Xh2 ) + (q − 1)e(Xh3 ))R(Xk4) + qR(Z6).
Setting k = g − 1, h = 1, we have:
R(Xg4) =
(
(q3 − 1)eg−10 + (q3 − 1)eg−11 + (q5 − 3q3 + 2q2)eg−12 + (q5 − 3q3 + 2q2)eg−13
+ (q6 − 2q5 − 2q4 + 4q3 − 3q2 + 2)ag−1 + (−q5 − q4 + 2q3 − 2q2 + q + 1)(bg−1 + cg−1)
+ (−q4 − 2q2 + 2q + 1)dg−1
)
T(14)
+
(
(3q2 − 3q)eg−10 + (3q2 − 3q)eg−11 + (3q3 − 6q2 + 3q)eg−12 + (3q3 − 6q2 + 3q)eg−13
+ (−6q3 + 6q2)(ag−1 + dg−1) + (4q4 − 14q3 + 10q2)(bg−1 + cg−1)
)
N
9. Computation of R(Xg4/Z2)
Lemma 7. Suppose that R(Xk4/Z2) = akT + bkS2 + ckS−2 + dkS0, for all k < g. Then the Hodge
monodromy representation R(Xg4/Z2) is of the form R(X
g
4/Z2) = agT + bgS2 + cgS−2 + dgS0, for some
polynomials ag, bg, cg, dg ∈ Z[q].
Proof. The Hodge monodromy representation R(Xg4/Z2) lies in the representation ring of the funda-
mental group of C− {±2}. Under the double cover C− {0,±1} → C− {±2}, it reduces to R(Xg4). By
Section 8, R(Xg4) is of order 2. Hence R(X
g
4/Z2) has only monodromy of order 2 over the loops γ±2
around the points ±2. This is the statement of the lemma. 
Proposition 8. All Xg0, X
g
1, X
g
2, X
g
3, X
g
4 and X
g
4,λ are of balanced type.
Proof. By [12, Proposition 2.8], if Z =
⊔
Zi and all Zi are of balanced type, then Z is of balanced type.
Also, if Z2 acts on Z and Z is of balanced type, so is Z/Z2. Also Theorem 6 says that if F → Z → B is a
fibration with F of balanced type, with either B = C−{0,±1} and Hodge monodromy R(Z) = aT +bN
or B = C− {±2} and Hodge monodromy R(Z) = aT + bS2 + cS−2 + dS0, then Z is of balanced type.
In [12] it is proved that the result holds for g = 1, 2. Also SL(2,C), PGL(2,C), PGL(2,C)/D,
PGL(2,C)/U are of balanced type. Now assume that all Xk0 , Xk1 , Xk2 , Xk3 , Xk4 and Xk4,λ are of balanced
type for k < g. A look at the description of all strata for which we compute the E-polynomials in
Sections 4–7 convinces us that Xg0, X
g
1, X
g
2, X
g
3 are of balanced type. The same is true for X
g
4,λ by the
stratification in Section 8. Finally formula (14) gives us that Xg4 is also of balanced type. 
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Now to find the four polynomials ag, bg, cg, dg ∈ Z[q], we need four equations. Two come from the
fact that R(Xg4) = (ag + dg)T + (bg + cg)N . From (14), we have
ag + dg =(q
3 − 1)eg−10 + (q3 − 1)eg−11 + (q5 − 3q3 + 2q2)eg−12 + (q5 − 3q3 + 2q2)eg−13(15)
+ (q6 − 2q5 − 2q4 + 4q3 − 3q2 + 2)ag−1 + (−q5 − q4 + 2q3 − 2q2 + q + 1)(bg−1 + cg−1)
+ (−q4 − 2q2 + 2q + 1)dg−1
bg + dg =(3q
2 − 3q)eg−10 + (3q2 − 3q)eg−11 + (3q3 − 6q2 + 3q)eg−12 + (3q3 − 6q2 + 3q)eg−13(16)
+ (−6q3 + 6q2)(ag−1 + dg−1) + (4q4 − 14q3 + 10q2)(bg−1 + cg−1).
One more equation is obtained by computing e(Xg+10 ) with k = g, h = 1 and with k = g − 1, h = 2,
and equating. From (α) with k = g, we get
eg+10 = (q
4 + 4q3 − q2 − 4q)eg0 + (q3 − q)eg1
+ (q5 − 2q4 − 4q3 + 2q2 + 3q)eg2 + (q5 + 3q4 − q3 − 3q2)eg3(17)
+ (q6 − 2q5 − 4q4 + 3q2 + 2q)ag + (−q5 − 4q4 + 4q2 + q)bg
+ (2q5 − 7q4 − 3q3 + 7q2 + q)cg + (−5q4 − q3 + 5q2 + q)dg
Using (10) with k = g − 1, h = 2, and the values of e(X2j ) and a2, b2, c2, d2 from Section 3, we have
eg+10 = (q
9 + q8 + 12q7 + 2q6 − 3q4 − 12q3 − q)eg−10 + (q9 − 3q7 − 30q6 + 30q4 + 3q3 − q)eg−11
+ (q11 − 4q9 − 4q8 − 36q7 + 24q5 + 4q4 + 15q3)eg−12
+ (q11 − 4q9 + 15q8 + 9q7 + 30q6 − 6q5 − 45q4)eg−13
+ (q12 − 2q11 − 4q10 + 6q9 − 6q8 + 18q7 − 6q6 − 18q5 + 15q4 − 6q3 + 2q)ag−1(18)
+ (−q11 − q10 + 3q9 − 42q8 + 54q7 + 30q6 − 54q5 + 12q4 − 3q3 + q2 + q)bg−1
+ (−q11 − q10 + 18q9 − 27q8 + 24q7 − 39q5 + 27q4 − 3q3 + q2 + q)cg−1
+ (−2q10 − 9q8 + 24q7 − 21q5 + 9q4 − 4q3 + 2q2 + q)dg−1
A fourth equation are obtained by computing e(Xg+11 ) with k = g, h = 1 and with k = g − 1, h = 2,
and equating. From (β) with k = g, we get
eg+11 = (q
3 − q)eg0 + (q4 + 4q3 − q2 − 4q)eg1
+ (q5 + 3q4 − q3 − 3q2)eg2 + (q5 − 2q4 − 4q3 + 2q2 + 3q)eg3(19)
+ (q6 − 2q5 − 4q4 + 3q2 + 2q)ag + (2q5 − 7q4 − 3q3 + 7q2 + q)bg
+ (−q5 − 4q4 + 4q2 + q)cg + (−5q4 − q3 + 5q2 + q)dg
Using (13) with k = g − 1, h = 2, and the values of e(X2j ) and a2, b2, c2, d2 from Section 3, we have
eg+11 = (q
9 − 3q7 − 30q6 + 30q4 + 3q3 − q)eg−10 + (q9 + q8 + 12q7 + 2q6 − 3q4 − 12q3 − q)eg−11
+ (q11 − 4q9 + 15q8 + 9q7 + 30q6 − 6q5 − 45q4)eg−12
+ (q11 − 4q9 − 4q8 − 36q7 + 24q5 + 4q4 + 15q3)eg−13(20)
+ (q12 − 2q11 − 4q10 + 6q9 − 6q8 + 18q7 − 6q6 − 18q5 + 15q4 − 6q3 + 2q)ag−1
+ (−q11 − q10 + 18q9 − 27q8 + 24q7 − 39q5 + 27q4 − 3q3 + q2 + q)cg−1
+ (−q11 − q10 + 3q9 − 42q8 + 54q7 + 30q6 − 54q5 + 12q4 − 3q3 + q2 + q)bg−1
+ (−2q10 − 9q8 + 24q7 − 21q5 + 9q4 − 4q3 + 2q2 + q)dg−1
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The solutions to (15), (16), (17)=(18) and (19)=(20), and using the values of (α), (β), (γ) and (δ),
are given by
ag =q
3eg−10 + q
3eg−11 + (q
5 − 3q3)eg−12 + (q5 − 3q3)eg−13
+ (q6 − 2q5 − 2q4 + 4q3 + q2)ag−1 + (−q5 − q4 + 2q3)bg−1 + (−q5 − q4 + 2q3)cg−1 − 2q4dg−1
bg =− 3qeg−10 + 3q2eg−11 + (3q3 + 3q)eg−12 − 6q2eg−13
+ (−3q3 + 3q2)ag−1 + (4q4 − 6q3 + 4q2)bg−1 + (−8q3 + 6q2)cg−1 + (q2 − 3q3 + 3q2)dg−1
cg =3q
2eg−10 − 3qeg−11 − 6q2eg−12 + (3q3 + 3q)eg−13
(−3q3 + 3q2)ag−1 + (−8q3 + 6q2)bg−1 + (4q4 − 6q3 + 4q2)cg−1 + (−3q3 + 3q2)dg−1
dg =− eg−10 − eg−11 + 2q2eg−12 + 2q2eg−13
+ (−4q2 + 2)ag−1 + (−2q2 + q + 1)bg−1 + (−2q2 + q + 1)cg−1 + (q4 − 2q2 + 2q + 1)dg−1
We put this together with equations (α), (β), (γ) and (δ)
eg0 =(q
4 + 4q3 − q2 − 4q)eg−10 + (q3 − q)eg−11 + (q5 − 2q4 − 4q3 + 2q2 + 3q)eg−12 + (q5 + 3q4 − q3 − 3q2)eg−13
+ (q6 − 2q5 − 4q4 + 3q2 + 2q)ag−1 + (−q5 − 4q4 + 4q2 + q)bg−1
+ (2q5 − 7q4 − 3q3 + 7q2 − q)cg−1 + (−5q4 − q3 + 5q2 − q)dg−1
eg1 =(q
3 − q)eg−10 + (q4 + 4q3 − q2 − 4q)eg−11 + (q5 + 3q4 − q3 − 3q2)eg−12 + (q5 − 2q4 − 4q3 + 2q2 + 3q)eg−13
+ (q6 − 2q5 − 4q4 + 3q2 + 2q)ag−1 + (2q5 − 7q4 − 3q3 + 7q2 + q)bg−1
+ (−q5 − 4q4 + 4q2 + q)cg−1 + (−5q4 − q3 + 5q2 + q)dg−1
eg2 =(q
3 − 2q2 − 3q)eg−10 + (q3 + 3q2)eg−11 + (q5 + q4 + 3q2 + 3q)eg−12 + (q5 − 3q3 − 6q2)eg−13
+ (q6 − 2q5 − 3q4 + q3 + 3q2)ag−1 + (−q5 + 2q4 − 4q3 + 3q2)bg−1
+ (−q5 − q4 − 4q3 + 6q2)cg−1 + (−2q4 − q3 + 3q2)dg−1
eg3 =(q
3 + 3q2)eg−10 + (q
3 − 2q2 − 3q)eg−11 + (q5 − 3q3 − 6q2)eg−12 + (q5 + q4 + 3q2 + 3q)eg−13
+ (q6 − 2q5 − 3q4 + q3 + 3q2)ag−1 + (−q5 − q4 − 4q3 + 6q2)bg−1
+ (−q5 + 2q4 − 4q3 + 3q2)cg−1 + (−2q4 − q3 + 3q2)dg−1
Hence there is a 8× 8-matrix M such that if we write vg = (eg0, eg1, eg2, eg3, ag, bg, cg, dg)t,
(21) vg = Mvg−1,
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for all g ≥ 3. M is the following matrix
(22)

q4 + 4q3 q3 − q q5 − 2q4 − 4q3 q5 + 3q4 q6 − 2q5 − 4q4 −q5 − 4q4 2q5 − 7q4 − 3q3 −5q4 − q3
−q2 − 4q +2q2 + 3q −q3 − 3q2 +3q2 + 2q +4q2 + q +7q2 + q +5q2 + q
q3 − q q4 + 4q3 q5 + 3q4 q5 − 2q4 − 4q3 q6 − 2q5 − 4q4 2q5 − 7q4 − 3q3 −q5 − 4q4 −5q4 − q3
−q2 − 4q −q3 − 3q2 +2q2 + 3q +3q2 + 2q +7q2 + q +4q2 + q +5q2 + q
q3 − 2q2 q3 + 3q2 q5 + q4 q5 − 3q3 q6 − 2q5 − 3q4 −q5 + 2q4 −q5 − q4 −2q4 − q3
−3q +3q2 + 3q −6q2 +q3 + 3q2 −4q3 + 3q2 −4q3 + 6q2 +3q2
q3 + 3q2 q3 − 2q2 q5 − 3q3 q5 + q4 q6 − 2q5 − 3q4 −q5 − q4 −q5 + 2q4 −2q4 − q3
−3q −6q2 +3q2 + 3q +q3 + 3q2 −4q3 + 6q2 −4q3 + 3q2 +3q2
q3 q3 q5 − 3q3 q5 − 3q3 q6 − 2q5 − 2q4 −q5 − q4 −q5 − q4 −2q4
+4q3 + q2 +2q3 +2q3
−3q 3q2 3q2 + 3 −6q2 −3q3 + 3q2 4q4 − 6q3 + 4q2 −8q3 + 6q2 −3q3 + 3q2
3q2 −3q −6q2 3q3 + 3q −3q3 + 3q2 −8q3 + 6q2 4q4 − 6q3 + 4q2 −3q3 + 3q2
−1 −1 2q2 2q2 −4q2 + 2 −2q2 + q + 1 −2q2 + q + 1 q4 − 2q2
+2q + 1

.
The starting vector is given in Section 3, v2 = (e
2
0, e
2
1, e
2
2, e
2
3, a2, b2, c2, d2)
t = (q9 +q8 +12q7 +2q6−3q4−
12q3−q, q9−3q7−30q6 +30q4 +3q3−q, q9−3q7−4q6−39q5−4q4−15q3, q9−3q7 +15q6 +6q5 +45q4, q9−
3q7 + 6q5,−(45q5 + 15q3), 15q6 + 45q4,−6q4 + 3q2 − 1)t. If we write v1 = (e10, e11, e12, e13, a1, b1, c1, d1)t =
(q4 + 4q3 − q2 − 4q, q3 − q, q3 − 2q2 − 3q, q3 + 3q2, q3,−3q, 3q2,−1)t and
v0 = (1, 0, 0, 0, 0, 0, 0, 0)
t,
then equation (21) holds for all g ≥ 1. So
vg = M
gv0.
Remark 9. As in [12], we can stratify SL(2,C)2g =
⊔4
i=0X
g
i , with
• Xg0 = Xg0, e(Xg0 ) = eg0.
• Xg1 = Xg1, e(Xg1 ) = eg1.
• Xg2 = {(A1, B1, . . . , Ag, Bg) |
∏g
i=1[Ai, Bi] ∼ J+} ∼= (PGL(2,C)/U) × Xg2. So e(Xg2 ) = (q2 −
1)eg2.
• Xg3 = {(A1, B1, . . . , Ag, Bg) |
∏g
i=1[Ai, Bi] ∼ J−} ∼= (PGL(2,C)/U) × Xg3. So e(Xg3 ) = (q2 −
1)eg3.
• Xg4 = {(A1, B1, . . . , Ag, Bg) |
∏g
i=1[Ai, Bi] ∼ ξλ, for some λ ∈ C − {0,±1}}. Here Xg4 ∼=
(PGL(2,C)/D×Xg4)/Z2. Using (9), we have e(Xg4 ) = (q3−2q2−q)ag− (q2 +q)(bg+cg)−2qdg.
Therefore it must be
(23) (q3 − q)2g = eg0 + eg1 + (q2 − 1)(eg2 + eg3) + (q3 − 2q2 − q)ag − (q2 + q)(bg + cg)− 2qdg.
We can prove (23) numerically by induction on g ≥ 0, using (21). The equation (23) is certainly true
for g = 0. Suppose it holds for g − 1 and let w = (w0, . . . , w7)t = Mvg−1. Then an easy computation
gives
w0 + w1 + (q
2 − 1)(w2 + w3) + (q3 − 2q2 − q)w4 − (q2 + q)(w5 + w6)− 2qw7
= (q3 − q)2(eg−10 + eg−11 + (q2 − 1)(eg−12 + eg−13 ) + (q3 − 2q2 − q)ag−1 − (q2 + q)(bg−1 + cg−1)− 2qdg−1)
= (q3 − q)2(q3 − q)2g−2 = (q3 − q)2g,
so equation (23) holds for vg = w = Mvg−1.
We start by proving Corollary 3 using (22).
18 J. MARTI´NEZ AND V. MUN˜OZ
Theorem 10. For every g ≥ 1, we have e(MJ−) + (q + 1)e(M− Id) = e(Mξλ).
Proof. First,M− Id = Xg1/PGL(2,C), so e(M− Id) = eg1/(q3−q). Second,MJ+ = Xg2/U , so e(MJ+) =
eg3/q. And third, Mξλ = Xg4,λ/D, so e(Mξλ) = e(Xg4,λ)/(q − 1) = (ag + bg + cg + dg)/(q − 1).
The assertion is thus equivalent to
(24) (q2 − 1)eg3 + (q + 1)eg1 = (q2 + q)(ag + bg + cg + dg),
for all g ≥ 1. We proceed by induction starting with g = 0, where it obviously holds. If we assume that
(24) holds for g − 1, then using (22),
(q2 + q)(ag + bg + cg + dg)− (q2 − 1)eg3 − (q + 1)eg1
= −q2(q + 1)(q − 1)2eg−11 − q2(q + 1)(q − 1)3eg−13 + q3(q + 1)(q − 1)2(ag−1 + bg−1 + cg−1 + dg−1)
= q2(q − 1)2((q2 + q)(ag−1 + bg−1 + cg−1 + dg−1)− (q2 − 1)eg−13 − (q + 1)eg−11 ) = 0,
by induction hypothesis. 
Since vg = M
gv0, we can obtain closed formulas for e
g
0, e
g
1, e
g
2, e
g
3, ag, bg, cg, dg. We summarize them
in the following
Proposition 11. For all g ≥ 1,
eg0 = (q
3 − q)
(
(q3 − q)2g−2 + (q2 − 1)2g−2 − (q2 − q)2g−2 + 1
2
q2g−2(q + 22g − 1) ((q + 1)2g−2 + (q − 1)2g−2))
eg1 = (q
3 − q) ((q3 − q)2g−2 + (q2 − 1)2g−2 − 22g−1(q2 + q)2g−2 + (22g−1 − 1)(q2 − q)2g−2))
eg2 = (q
3 − q)2g−1 + (22g−1 − 1)(q2 − q)2g−1 − 22g−1(q2 + q)2g−1 + 1
2
q2g−1(q − 1) ((q − 1)2g−1 − (q + 1)2g−1)
eg3 = (q
3 − q)2g−1 + (22g−1 − 1)(q2 − q)2g−1 + 22g−1(q2 + q)2g−1
ag = (q
3 − q)2g−1 + 1
2
q2g−1
(
(q + 1)2g−1 − (q − 1)2g−1)
bg = 2
2g−1(q2 − q)2g−1 − 22g−1(q2 + q)2g−1 + 1
2
q2g−1
(
(q + 1)2g−1 − (q − 1)2g−1)
cg = 2
2g−1(q2 − q)2g−1 + 22g−1(q2 + q)2g−1 − 1
2
q2g−1
(
(q + 1)2g−1 + (q − 1)2g−1)
dg = (q
2 − 1)2g−1 − 1
2
q2g−1
(
(q + 1)2g−1 + (q − 1)2g−1) ,
and also
eg4,ξλ = ag + bg + cg + dg = (q
3 − q)2g−1 + (q2 − 1)2g−1 + (22g − 2)(q2 − q)2g−1.
Proof. We know that vg = M
gv0, where M is given in 22. There exists a matrix Q with entries in the
fraction field of Z[q] such that M = QDQ−1, where D is the diagonal matrix
D =

(q2 − q)2 0 0 0 0 0 0 0
0 (q2 + q)2 0 0 0 0 0 0
0 0 4(q2 − q)2 0 0 0 0 0
0 0 0 4(q2 + q)2 0 0 0 0
0 0 0 0 (q2 − 1)2 0 0 0
0 0 0 0 0 (q3 − q)2 0 0
0 0 0 0 0 0 (q2 − q)2 0
0 0 0 0 0 0 0 (q2 + q)2

As Mg = QDgQ−1, a straightforward computation gives the desired formulas. 
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Proposition 11 gives us the E-polynomials of all the moduli spaces where the quotient is geometric
dividing by the E-polynomials of the respective stabilizers. We obtain
Theorem 12. For all g ≥ 1,
e(M− Id) = eg1/(q3 − q) = (q3 − q)2g−2 + (q2 − 1)2g−2 − 22g−1(q2 + q)2g−2 + (22g−1 − 1)(q2 − q)2g−2
e(MJ+) = eg2/q = (q3 − q)2g−2(q2 − 1) + (22g−1 − 1)(q − 1)(q2 − q)2g−2
− 22g−1(q + 1)(q2 + q)2g−2 + 1
2
q2g−2(q − 1) ((q − 1)2g−1 − (q + 1)2g−1)
e(MJ−) = eg3/q = (q3 − q)2g−2(q2 − 1) + (22g−1 − 1)(q − 1)(q2 − q)2g−2 + 22g−1(q + 1)(q2 + q)2g−2
e(Mξλ) = eg4,ξλ/q − 1 = (q3 − q)2g−2(q2 + q) + (q2 − 1)2g−2(q + 1) + (22g − 2)(q2 − q)2g−2q.
Note that e(Mg− Id) agrees with the result obtained by arithmetic methods in [15].
Corollary 13. For g ≥ 1, the behaviour of the E-polynomial of the parabolic character variety Mgξλ is
given by
R(Mξλ) =
(
(q3 − q)2g−2(q2 + q) + (q + 1)(q2 − 1)2g−2 − q(q2 − q)2g−2)T + ((22g − 1)q(q2 − q)2g−2)N.
Proof. From Proposition 11 we get that
R(Xg4) = (ag + dg)T + (bg + cg)N
= ((q3 − q)2g−1 + (q2 − 1)2g−1 − (q2 − q)2g−1)T + ((22g − 1)(q2 − q)2g−1)N.
The result is obtained dividing by e(Stab(ξλ)) = q − 1. 
To complete the proof of Theorem 2, it remains the following
Theorem 14. For all g ≥ 1, we have
e(MId) = (q3 − q)2g−2 + (q2 − 1)2g−2 − q(q2 − q)2g−2 − 22gq2g−2
+
1
2
q2g−2(q + 22g − 1)((q + 1)2g−2 + (q − 1)2g−2) + 1
2
q((q + 1)2g−1 + (q − 1)2g−1).
Proof. We need to distinguish between reducible and irreducible orbit since we have to take a GIT
quotient to compute e(MId) and identify those orbits whose closures intersect. We follow the method
described in [14] and compute the reducible locus. The E-polynomial of the irreducible locus is obtained
by sustracting the contribution of the reducible part from the E-polynomial of the total space eg0.
A reducible representation given by (A1, B1, A2, B2, . . . , Ag, Bg) ∈ SL(2,C)2g is S-equivalent to
(25)
((
λ1 0
0 λ−11
)
,
(
λ2 0
0 λ−12
)
, . . . ,
(
λ2g 0
0 λ−12g
))
under the Z2-action (λ1, λ2, . . . , λ2g) ∼ (λ−11 , λ−12 , . . . , λ−12g ). We have that e(C∗)+ = q, e(C∗)− = −1, so
e(MredId ) = e((C∗)2g/Z2)
= (e(C∗)+)2g +
(
2g
2
)
(e(C∗)+)2g−2(e(C∗)−)2 + . . .+
(
2g
2g − 2
)
(e(C∗)+)2(e(C∗)−)2g−2 + (e(C∗)−)2g
=
1
2
(
(q − 1)2g + (q + 1)2g) .
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A reducible representation occurs if there is a common eigenvector. With respect to a suitable basis,
the representation takes the form((
λ1 a1
0 λ−11
)
,
(
λ2 a2
0 λ−12
)
, . . . ,
(
λ2g a2g
0 λ−12g
))
,
which is a set parametrized by (C∗ × C)2g. The condition ∏gi=1[Ai, Bi] = Id is rewritten as
(26)
g∑
i=1
λ2i(λ
2
2i−1 − 1)a2i − λ2i−1(λ22i − 1)a2i−1 = 0.
There are four cases:
• R1, given by (a1, a2, . . . , a2g) ∈ 〈(λ1 − λ−11 , λ2 − λ−12 , . . . , λ2g − λ−12g )〉, and (λ1, λ2, . . . , λ2g) 6=
(±1,±1, . . . ,±1). In this case we can conjugate the representation to the diagonal form (25)
and assume that ai = 0. The stabilizer of this stratum is the set of diagonal matrices D ⊂
PGL(2,C). Writing A := (C∗)2g − {(±1,±1, . . . ,±1)}, the stratum is isomorphic to (A ×
PGL(2,C)/D)/Z2, where the Z2-action is given by the permutation of the two basis vectors.
Since e(PGL(2,C)/D)+ = q2, e(PGL(2,C)/D)− = q and
e(A)+ =
1
2
(
(q − 1)2g + (q + 1)2g)− 22g
e(A)− = e(A)− e(A)+ = 1
2
(
(q − 1)2g − (q + 1)2g) ,
we obtain
e(R1) = e(PGL(2,C)/D)+e(A)+ + e(PGL(2,C)/D)−e(A)−
= q2
(
1
2
((q − 1)2g + (q + 1)2g)− 22g
)
+ q
(
1
2
((q − 1)2g − (q + 1)2g)
)
= (q3 − q)1
2
(
(q − 1)2g−1 + (q + 1)2g−1)− 22gq2.
• R2, given by (a1, a2, . . . , a2g) 6∈ 〈(λ1 − λ−11 , λ2 − λ−12 , . . . , λ2g − λ−12g )〉, and (λ1, λ2, . . . , λ2g) 6=
(±1,±1, . . . ,±1). Equation (26) defines a hyperplaneH ⊂ C2g and the condition for (a1, a2, . . . , a2g)
defines a line l ⊂ H. Writing U ′ ∼= D×U for the upper triangular matrices, we have a surjective
map A× (H − l)× PGL(2,C) −→ R2 with fiber isomorphic to U ′. Hence
e(R2) = ((q − 1)2g − 22g)(q2g−1 − q)(q3 − q)/(q2 − q)
= (q + 1)(q2g−1 − q)((q − 1)2g − 22g).
• R3, given by (a1, a2, . . . , a2g) = (0, 0, . . . , 0), and (λ1, λ2, . . . , λ2g) = (±1,±1, . . . ,±1), corre-
sponding to the case where Ai = Bi = ± Id. The stratum consists of 22g points, so
e(R3) = 2
2g.
• R4, given by (a1, a2, . . . , a2g) 6= (0, 0, . . . , 0), and (λ1, λ2, . . . , λ2g) = (±1,±1, . . . ,±1). In this
case, there is at least a matrix of Jordan type, so the diagonal matrices D act projectivizing the
set (a1, a2, . . . , a2g) ∈ C2g − {(0, 0, . . . , 0)}. The stabilizer is isomorphic to U . Therefore
e(R4) = 2
2ge(P2g−1)e(PGL(2,C)/U)
= 22g(q2g−1 + q2g−2 + . . .+ 1)(q2 − 1)
= 22g(q2g − 1)(q + 1).
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The total E-polynomial of the reducible locus R is thus
e(R) = e(R1) + e(R2) + e(R3) + e(R4)
= (q3 − q)
(
1
2
((q + 1)2g−1 − (q − 1)2g−1) + 22gq2g−2 + (q − 1)(q2 − q)2g−2
)
.
We obtain the E-polynomial of the irreducible part as
e(I) = eg0 − e(R)
= (q3 − q)
(
(q3 − q)2g−2 + (q2 − 1)2g−2 − (q2 − q)2g−2 + 1
2
q2g−2(q + 22g − 1)((q + 1)2g−2 + (q − 1)2g−2)
−22gq2g−2 − (q − 1)(q2 − q)2g−2 − 1
2
((q + 1)2g−1 − (q − 1)2g−1)
)
,
and
e(MirrId ) = e(I)/(q3 − q)
= (q3 − q)2g−2 + (q2 − 1)2g−2 − q(q2 − q)2g−2 − 22gq2g−2
+
1
2
q2g−2(q + 22g − 1)((q + 1)2g−2 + (q − 1)2g−2)− 1
2
((q + 1)2g−1 − (q − 1)2g−1).
Finally,
e(MId) = e(MirrId ) + e(MredId )
= (q3 − q)2g−2 + (q2 − 1)2g−2 − q(q2 − q)2g−2 − 22gq2g−2
+
1
2
q2g−2(q + 22g − 1)((q + 1)2g−2 + (q − 1)2g−2) + 1
2
q((q + 1)2g−1 + (q − 1)2g−1).

10. Topological consequences
In this section, we extract some information from the formulas in Theorem 2. We start by a proof of
Theorem 1.
Proof of Theorem 1. In the case of M− Id,MJ± and Mξλ , the result follows readily from Proposition
8. For instance, for M− Id we have that M− Id = X1/PGL(2,C), where X1 and G = PGL(2,C) are
of balanced type. Hence the classifying space BG is also of balanced type and there is a homotopy
fibration X1 → X1/G→ BG. The Leray spectral sequence gives that X1/G must be of balanced type
(a similar argument appears in the proof of Proposition 7.2 of [16]).
In the case of MId, the description in Theorem 14 yields that R is of balanced type. Hence I is also
of balanced type. The same argument as above proves that MirrId = I/PGL(2,C) is of balanced type.
As MredId is clearly of balanced type, so is MId. 
Corollary 15. Let X be a complex curve of genus g ≥ 2. The Euler characteristic of MC =
MC(SL(2,C)) is given by
χ(MId) = 24g−3 − 3 · 22g−2
χ(M− Id) = −24g−3
χ(MJ+) = −24g−2
χ(MJ−) = 24g−2
χ(Mξλ) = 0.
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Proof. The Euler characteristic is obtained by setting q = 1 in e(MC) given in Theorem 2. 
Corollary 16. Let X be a complex curve of genus g ≥ 2. ThenMId andM− Id are of dimension 6g−6
and MJ+ , MJ− and Mξλ are of dimension 6g − 4. All of them have a unique component of maximal
dimension.
Proof. From Theorem 2, we get
e(MId) = q6g−6 + . . .+ 1
e(M− Id) = q6g−6 + . . .+ 1
e(MJ+) = q6g−4 + . . .+ (1− 22g−1)q2g−2
e(MJ−) = q6g−4 + . . .+ (22g − 1)q2g−1
e(Mξλ) = q6g−4 + . . .+ 1
where we have written the monomials of maximum and minimum degrees in each case. The degree of
the polynomial gives the dimension of the character variety, and the coefficient (which is always 1) gives
the number of irreducible components. 
Corollary 17. Let X be a complex curve of genus g ≥ 1. Then e(M− Id), e(Mξλ), and its invariant
and non-invariant part given in Cororally 13, are palindromic polynomials.
Proof. Let d = 6g − 4. If we write R(Mξλ) = AT +BN , with
A = (q3 − q)2g−2(q2 + q) + (q + 1)(q2 − 1)2g−2 − q(q2 − q)2g−2,
B = (22g − 1)q(q2 − q)2g−2,
given in Corollary 13, then one only has to check that qdA(q−1) = A(q) and qdB(q−1) = B(q), which is
straightforward.
The computation for e(M− Id) is analogous and it is also given in [15, Section 4.4]. 
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